aacher nstmetions: Powers o

Task: Powers of 3
APS Mathematics Standard: Number Sense and Operations
Grade Level: 6 - 8

Mr. Elberty and I were looking at the powers of 3.

He said he could tell me what the last digit would be for three to the eleventh power, three to the
thirteenth power, and three to the forty-fifth power!

Find the last digit to these exponents and see if you can figure out how Mr. Elberty might be able
to predict the last digit of these and other powers of three.

£ Time Required: The task should take approximately 45 minutes to complete, but this is not a
timed test.

€ Suggested Materials: Paper, pencils and a calculator

Possible Solution...

v’ Three to the eleventh power ends in 7, three to the thirteenth power ends in 3 and three to the forty-
fifth power ends in 3.

v Any exponent that is a multiple of 4 ends in 1, any exponent that is a multiple of 4 (+1) ends in 3,
any exponent that is a multiple of 4 (+2) ends in 9, and any exponent that is a multiple of 4 (+3)
ends in 7.

v" There are other ways of describing this generalization. For example, any exponent that is divisible
by 2, that has an odd quotient, and a remainder of 1, ends in 7.

Teaching Tips...
§ This problem is interesting because we also had talked about division word problems where
sometimes the remainder is the most important part of the answer. This problem can be connected
to that unit also.

Implementation Notes:

& The mathematics assessments are not designed to be reading tests. When implementing the task,
teachers should read the tasks orally to their students, and make sure that all students are clear on
what the task is asking and answer questions that students may have. Teachers should not lead the
student to a specific strategy or solution.

Students may use manipulatives to work the problem to a solution.

Students should not be limited by the amount of space at the bottom of the task to complete the
problem. Allow students as much paper as they need to solve the task.

Although recommended times are given for each assessment, the assessments are untimed and
teachers should allow students as much time as needed to complete each task.

o &

What the task accomplishes...

Fo This task has students looking for patterns and trying to come to generalizations. It was a
successful task in that students at all levels could work this problem.

R Novice problem solvers can enter the problem and see a pattern with the ending digits. More
accomplished problem solvers will be able to find more sophisticated patterns and will be able to
write generalizations.
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Pre-Assessment Tasks: The following tasks can be found in the APS K — 8 Mathematics Task Bank.
These are excellent activities to use as pre-assessment activities.

Y Day Lily Dilemma 6-8

Y Stained-Glass Window Design 6 - 8

Literature Tie Ins:
Anno’s Magic Seeds by Mitsumasa Anno
Anno’s Math Games by Mitsumasa Anno

Interdisciplinary Links:
€3 None

Benchmark Rubric: The following rubric supports the benchmark papers for the 6-8 task
Powers of 3.

v 1didn't see any novice solutions. All my students were able to generate
the powers of 3, even if they might not have gotten the correct last digit
for the exponents.

Novice v 1 imagine that some students who are not as familiar with exponents
might add the factors instead of multiplying them.

v' My students had calculators so I didn't see that error in this problem,
although I did see that error on other assessments.

v An apprentice student will understand the problem and begin listing the
exponents and their last digit or standard numeral, but will make an error
in their list and not come up with the correct solution.

They will be able to see the pattern that repeats in the ones place, but
will not be able to predict the last digit of the standard numeral of
powers of three.

Apprentice v

v’ A practitioner will be able to find the correct last digit to the exponents
given (even if they have to list all the standard numerals).

v They may be able to see that the exponents of the multiples of 4 always

Practitioner/Proficient end in 1 or may have a way of finding the ending digit of the exponent
three to the forty-fifth power without listing all of the standard numerals.

v They will not, however, be able to generalize the pattern for finding any
ending digit.

v The expert will be able to find and verbalize a pattern for finding the
ending digit for any power of three, and may use sophisticated
mathematical language, and/or make several relevant mathematical
observations.

Expert
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APS Mathematics Content and Performance Standards

All of the APS Performance-Based Mathematics Assessments are aligned to the current APS Content
and Performance Standards. Each task lists all of the standards that align with that task. The
performance tasks are math rich and align to many aspects of the standards.

To focus the teacher on the key mathematics that is intended for the problem, Target Performance
Standards have been indicated for each task.

Target APS Mathematics Performance Standards:

Grade 6: Patterns, Functions and Algebraic Concepts

¢ Explains how expressions are used to model functions and patterns [e.g., 2, 4, 6, 8 represents f(x)
=2n].

o Explains that equations are symbolic representations of relationships, patterns, and functions.

Grade 7: Number Sense and Operations

e Explains and models the value of exponents and square roots.

o Simplifies and evaluates (solves) numerical expressions involving exponents (e.g., 2° =2 x 2 x 2
=8).

e Develops and tests strategies for multiplying and dividing like-based exponents (e.g., 2 x 22 = 2).

Grade 8: Number Sense and Operations

e Simplifies and evaluates, if solvable, algebraic expressions for all types of real numbers including
exponents and common square roots.

e Examines, describes, and models exponential patterns that reflect growth and decay (e.g.,
Represent doubling 1¢ every day for 10 days in exponential form).

Task Proficiency: The task Powers of 3 should help 6™ graders to explore the concept of exponents,
specifically the focus should be on establishing the patterns that exponents create. At 7t grade the
students should be able to solve for exponents, develop strategies for solving more complex
exponential numbers, and identify the patterns within the numbers. By gh grade, students should have
a solid foundation for solving and identifying the more complex patterns within the exponential
numbers.

Teachers should look for the following concepts in the student’s performance:

% Can the students write and solve for the exponential numbers?

% Can the student see any patterns to the solutions and the exponents?

% Does the student explain the patterns of the final digits and Mr Elberty’s predictions?
% Does the student state a final solution?

APS Content and Performance Standards Alignment

Strand I — Global Mathematical Processes:

The student understands and uses mathematical processes.

Benchmark (K — 12): The student uses problem solving, reasoning and proof, communications,
connections, and representations as appropriate in all mathematical experiences.
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Performance Standards:

Problem Solving and Reasoning

e Develops resourcefulness and perseverance in problem solving in mathematics and other
disciplines.

e Recognizes when to use previously learned strategies to solve new problems.

e Develops and uses strategies (e.g., breaking complex problems into simpler parts) for solving
given problems.

e Monitors, discusses, and reflects on the process of mathematical problem solving.

Reasoning and Proof

e Makes and investigates mathematical conjectures and uses them successfully in developing and
evaluating mathematical arguments and proofs.

Communication

e Works in teams to share ideas, to develop and coordinate group approaches to problems, and to
communicate findings.

e Communicates mathematical thinking coherently and clearly to others.

e Analyzes and evaluates mathematical thinking and strategies of others.

Connections

e Relates applications to mathematical language in various modalities.

e Identifies and connects functions with real-world applications.

e Identifies how seemingly different mathematical situations may be essentially the same (e.g. the
intersection of two lines is the same as the solution to a system of linear equations).

e Investigates and explains the mathematics required for various careers.

Representations

¢ Develops a repertoire of mathematical representation (e.g. pictures, written symbols, oral language,
real-world situations, and manipulative models) that can be used purposefully and appropriately
interchangeably.

e Selects, applies, and translates among mathematical representations to solve problems.
e Uses representations to model and interpret physical, social, and mathematical phenomena.

e Uses manipulatives, calculators, computers, and other tools as appropriate in order to strengthen
mathematical thinking, understanding, and power to build upon foundational concepts.

Strand II — Number Sense and Operations:

The student demonstrates number sense through experiences with meaningful mathematical problems
that focus on number meaning, number relationships, place value concepts, relative effects of
operations, and multiple representations to communicate sound mathematical thinking.

Benchmark (6 — 8): The student understands problems involving fractions, decimals, and percents and
develops, analyzes, and explains a variety of algorithms and methods to solve problems.

Performance Standards:

Sixth Grade:

Simple Expressions

e Selects an appropriate operation (i.e., +, -, X, ©) to solve situational story problems.

Rational Numbers/Fractions

e Selects and uses the appropriate number form (e.g., fraction, decimal, or percent) in a variety of
situations, including measurement in U.S and metric systems.
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Estimation
e Uses the appropriate estimation strategy for a variety of situations.

Seventh Grade:

Exponents and Square Roots

e Explains and models the value of exponents and square roots.

e Simplifies and evaluates (solves) numerical expressions involving exponents (e.g., 2> =2 x 2 x 2
= 8).

o Develops and tests strategies for multiplying and dividing like-based exponents (e.g., 2° x 22 =2).

Eighth Grade:

Rational and Irrational Numbers

e Categorizes numbers and sets within structures of the real number system (e.g., Natural numbers <
rational numbers < real numbers).

e Shows flexibility using multiple number representations; identifies relationships involving the
subsets of the real number system (e.g., order, least to greatest: 1, V2, V3, 2).

e Selects appropriate mathematical representations to describe thought-provoking real-life situations.

e Manipulates all real numbers, their properties, and operations.

Exponents

e Simplifies and evaluates, if solvable, algebraic expressions for all types of real numbers including
exponents and common square roots.

e Examines, describes, and models exponential patterns that reflect growth and decay (e.g.,
Represent doubling 1¢ every day for 10 days in exponential form).

Number Theory

e Develops and evaluates arguments involving real numbers, their patterns and operations.

e Develops and uses strategies to estimate the results of rational-number computations and judges
the reasonableness of the results.

Strand V — Patterns, Functions, and Algebraic Concepts:

The student demonstrates an understanding of algebraic skills and concepts through experiences with
meaningful mathematical problems that focus on discovering, describing, modeling, and generalizing
patterns and functions, representing and analyzing relationships, and finding and supporting solutions.
Benchmark (6 — 8): The student uses tables, graphs, and symbolic representations of patterns. The
student understands and uses variables and linear equations in algebraic problem solving.

Performance Standards:

Sixth Grade:

Patterns

e Predicts sequences and patterns involving varying rates of change (e.g., growth over time).

Variables, Expressions, and Equations

e Analyzes the use of variables to represent quantities (e.g., area of a rectangle: A = Iw).

¢ Explains how expressions are used to model functions and patterns [e.g., 2, 4, 6, 8 represents f(x)
=2n].

e Explains that equations are symbolic representations of relationships, patterns, and functions.
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Seventh Grade:

Variable Expressions

¢ Identifies and uses variable expressions and formulas to solve a variety of real-life situations (e.g.,
Simple Interest: I =prt).

e Represents, describes, and analyzes numerical patterns and linear relationships using tables,
graphs, words, and standard algebraic notation.

Functional Relationships

e Develops and tests strategies for solving two-step equations.

¢ Translates hypotheses into formal methods of solving algebraic equations.

e Recognizes and applies the properties of equality.

Eighth Grade:

Functions

e Develops exponential functions to represent real-life situations (e.g., compound interest problem).

e Represents, describes, and analyzes numerical patterns and relationships using tables, graphs,
words, and standard algebraic notation.

Linear Equations and Inequalities

o Identifies and models real-life situations using multiple representations.

e Simplifies algebraic expressions including rational expressions.

e Investigates and applies the basic mathematical properties (e.g., commutative, associative,
distributive, identity, and zero) in a variety of situations.

e Develops and tests strategies for solving multi-step equations.

e Solves equations for specified variables (e.g., solve for 4 if A = bh/2).
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Benchmark Papers

NOVICE

There are no novice solutions for the mathematics task Powers of 3.
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Apprentice
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Practitioner
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Expert
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